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Abstract 

The equidistribution of many crossing and nesting statistics exists in sev- 
eral combinatorial objects like matchings, set partitions, permutations, and 
embedded labelled graphs. The involutions switching nesting and crossing 
numbers for set partitions given by Krattenthaler, also by Chen, Deng, Du, 
Stanley, and Yan, and for permutations given by Burrill, Mishna, and Post 
involved passing through tableau-like objects. Recently, Chen and Guo for 
matchings, and Marberg for set partitions extended the result to coloured 
arc annotated diagrams. We prove that symmetric joint distribution contin- 
ues to hold for arc-coloured permutations. As in Marberg's recent work, but 
through a different interpretation, we also conclude that the ordinary gener- 
ating functions for all j-noncrossing, fc-nonnesting, r-coloured permutations 
according to size n are rational functions. 

Keywords: arc-coloured permutation, crossing, nesting, bijection, 
enumeration, tableau, generating tree, finite state automaton, transfer 
matrix 
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1. Introduction 

Crossing and nesting statistics have intrigued combinatorialists for many 
decades. For example, it is well known that Catalan numbers, c n = ( 2 ™) , 
count the number of noncrossing matchings on [2n] which is also the number 
of nonnesting matchings of the same size. The concept of crossing and nesting 
was then extended to higher numbers where symmetric joint distribution 



continues to hold not only for matchings but also for set partitions jl, 
labelled graphs [gj], set partitions of classical types [llj], an d permutations 



9], 

3- 



n n " ' ik ji 32 " ' 3k 

h h " ' ik jk " ' J2 ji 

Figure 1: The arc diagram of a k- 

crossing Figure 2: The arc diagram of a fc-nesting 

In all cases, bijective proofs were given; and for some, generating functions 
were found. 

Inspired b y r ecent works of Chen and Guo [3] on coloured matchings 
and Marberg [10| on coloured set partitions, we give a bijection to establish 
symmetric joint distribution of crossing and nesting statistics for arc-coloured 
permutations. We also show that the ordinary generating functions for j- 
noncrossing, /c-nonnesting, r-coloured permutations according to size n are 
rational functions. 



1.1. Definitions and Terminology 

A permutation S of the set [n] := {1,2, ... ,n} is a bijection from [n] to 
itself, a : [n] ->■ [n]. Using two-line notation, S = a f 2) <r(3) a(n))- An 
arc annotated diagram is a labelled graph on n vertices drawn horizontally, 
labelled left to right consecutively such that Arc(i, j) joins vertex i to vertex 
j. A permutation has a representation as an arc annotated diagram where 
Arc(i, cr{i)) is drawn as an upper arc for a{i) > i, and a lower arc for a(i) < i. 
Note that the dissymmetry draws a fixed point in S as an upper loop. When 
this diagram is restricted to only the upper arcs (or lower arcs) with all n 
vertices, then it also represents a set partition of [n]. Separately, we call these 
upper and lower arc diagrams of a permutation. From this diagram, we 
define a k-crossing (resp. k-nesting) as k arcs ji), {%2i J2)i ■ ■ ■ , (ikjjk)} 
all mutually cross, or i\ < i 2 < ■ ■ ■ < ik < ji < J2 < • • • < jk (resp. 
nest, i. e. i\ < i 2 < ■ ■ ■ < ik < jk < jk-i < • • • < ji ) as shown in 
Figured] (resp. Figure [2]). We also need a variant: enhanced k-crossing (resp. 
enhanced k-nesting) where i\ < z 2 < • • • < ik < ji < J2 < ■ ■ • < jk (resp. 
i\ < i 2 < ■ ■ ■ < ik < jk < jk-i < • • • < ji ) as shown in Figure [3] (resp. 
Figure 0J . 

We need both notions of crossings and nestings for permutations because 
the enhanced definitions are used for upper arc diagrams whereas the other 
definitions (without enhanced), for lower arc diagrams. This is in accor- 
dance with the literature j^j on permutation statistics for weak exceedances 
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Figure 3: The arc diagram of an en- Figure 4: The arc diagram of an en- 
hanced fc-crossing hanced fc-nesting 

and pattern avoidance. We define the crossing number, cr(S) = j (resp. 
nesting number, ne(S) = k) of a permutation S as the maximum j (resp. 
k) such that S has a j-enhanced crossing (resp. /c-enhanced nesting) in the 
upper arc diagram or a j-crossing (resp. fc-nesting) in the lower arc dia- 
gram. When a permutation S does not have a j-(enhanced)-crossing (resp. 
/c-(enhanced)-nesting), then we say S is j-noncrossing (resp. /c-nonnesting). 
Burrill, Mishna, and Post [if gave an involution mapping between the set of 
permutations of [n] with cr(S) = j and ne(S') = k and those with cr(5') = k 
and ne(S') = j, thus extending the result of symmetric joint distribution for 
matchings and set partitions of Chen, Deng, Du, Stanley, and Yan j3] and 
Krattenthaler H to permutations. 

Next, Chen and Guo [3J generalized symmetric equidistribution of cross- 
ing and nesting statistics to coloured complete matchings. Most recently, 



Marberg [10] extended the result to coloured set partitions with a novel 
way of proving that the ordinary generating functions of j-noncrossing, k- 
nonnesting, r-coloured partitions according to size n are rational functions. 
We extend their results to r-arc-coloured permutations, or r-coloured permu- 
tations in short. Some caution on terminology is in order here. Group prop- 
erties of coloured permutations have been widely studied since the 1990's II, 



13| . but there the colours are assigned to vertices instead of arcs. 



1.2. Main Theorem 

Since crossing and nesting statistics involves arcs, we define an r-coloured 



permutation parallel to [10| as a pair, (S, <f>) consisting of a permutation of 
[n] and an arc-colour assigning map : Arc(S') — > [r], and use a capital 
Greek letter, E, to denote these objects. We say S has a A;-crossing (resp. k- 
nesting) if k arcs of the same colour cross (resp. nest). As always throughout 
this paper, enhanced statistics is applied to upper arc diagrams while non- 
enhanced for lower arc diagrams of permutations. Define cr(S) (resp. ne(S)) 
as the maximum integer k such that £ has a fc-crossing (resp. A;- nesting). The 
bijection of j^j can be extended to establish symmetric joint distribution of 
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the numbers cr(E) and ne(E) over r-coloured permutations preserving opener 
and closer sequences (equivalently, sets of minimal and maximal elements of 
each block when upper arc and lower arc diagrams are viewed separately as 
set partitions). 

More formally, vertices of a permutation are of five types, an opener 

( *C ), a closer ( J* ), a fixed point ( ft ) , an upper transitory ( ~V ), 
and a lower transitory( -AS). For a particular E, restricting to only one 
colour, both upper arc and lower arc diagrams can be seen as set partitions 
whose minimal block elements are the openers, and maximal block elements 
are the closers. For upper arc diagrams, both a fixed point and an upper 
transitory contribute to the set of minimal (opener) and the set of maximal 
(closer) elements over blocks of the set partition. Lower arc diagrams are set 
partitions in Marberg's partition setting, thus Theorem 1.1 and Corollary 1.2 
of [lo[ apply exactly here. 

Given an r-coloured permutation E = (S, <fi), let the set of openers (resp. 
the set of closers) be 0(E) (resp. C(E)) of the uncoloured permutation, S. For 
all positive integers, j and k, and subsets O, C C [n], define NCN - £ (n, r) to 
be the number of r-coloured permutations E of [n] with cr(E) < j, ne(E) < k, 
0(E) = O, and C(E) = C. Then Theorem [1] is analogous to Theorem 1.1 
in 0, 1(| for r-coloured permutations. 



Theorem 1. For all positive integers, j and k, and subsets O, C C [n], 
NCN°f (n,r) = NCNgf (n,r). 

As customary in the literature, we let NCNj^n, r) denote the number of all 
r-coloured, j-noncrossing, k- nonnesting permutations of [n]. Summing both 



sides of Theorem [T] over all O, C C [n] gives the generalization of |4|, [l0|] for 
Corollary [TJ We also let NC^(n, r) (resp. NNj.(n,r)) denote the number of 
/c-noncrossing (resp. fc-nonnesting) r-coloured permutations on [n]. 

Corollary 1. For all integers, j,k,n,r, NCNj^n, r) = NCNkj{n,r) and 
NC fc (n,r) = NN fc (n,r). 

1.3. Plan 

The tools needed for the proof of Theorem [1] are given in Section [2j 
Section p gives the proof of Theorem [1] combining essential ingredients of 
both [2I jiof with the added care of managing both upper and lower arc dia- 
grams simultaneously where both notions of crossing and nesting are applied. 
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The transfer matrix approach Marberg used to establish the rationality of 
the ordinary generating function, ^ n>0 NCNj^n + 1, r)x n for set partitions 
of size n+ 1 is through translating the original problem to counting all closed 
walks of n-steps with certain column and row length restrictions (according 
to j, k) for each component from G Y r , that is, r copies of the Hasse di- 
agram of the Young lattice. This idea cannot be extended to permutations 
on (Y r ,Y r ) because upper arc diagrams are dependent on lower arc dia- 
grams. However, another interpretation of Marberg's multigraphs Qj,k,r in 
terms of the types of vertices and colours of edges leads to the multigraphs 
for r-coloured permutations which permits the application of transfer ma- 
trix method to draw the same conclusion: The ordinary generating function, 
^^QNCNj-^n,^!" for j-noncrossing, /c-nonnesting, r-coloured permuta- 
tions is rational. The combination of the method of generating trees and 
finite state automata in the interpretation can be extended to other combi- 
natorial objects where both crossing and nesting statistics are bounded, thus 
leading to the same conclusion that the corresponding generating functions 
are rational. 



2. Background 

The proof of Theorem [1] requires working knowledge of the theory of 
integer partition, especially its representation as Young diagrams, the Hasse 
diagram of the Young lattice, and the RSK-algorithm for filling positive 
integers to obtain the beginning of some standard Young tableau. We refer 



the reader to Volume 2 of Stanley's Enumerative Combinatorics [12J for more 
details. 

Define a partition of n G N to be a sequence A = (Ai, A 2 , . . . , A*.) G N fc 
such that Yli=i = n i an d Ai > A 2 > • • • > A^. If A is a partition of n, 
we write A h n or |A| = n. The non-zero terms A, are called the parts of 
A, and we say A has k parts if Xk > 0. We can draw A using a left-justified 
array of boxes with Aj boxes in row i. For example, A = (5, 3, 2, 2, 1) is drawn 
W° 

as EP . This representation is the Young diagram of a partition. To "add a 
box" to a partition A means to obtain a partition fi such that |A| + 1 = \fj,\, 
and A's Young diagram is included in that of \x. This inclusion induces a 
partial order on the set of partitions of non-negative integers, denoted by Y, 
or the Young lattice. When we place integers 1, 2, . . . , n in all n boxes of a 
Young diagram so that entries in each row and column increase, we produce 
a standard Young tableau, abbreviated as SYT. As one builds an SYT from 
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the empty set through the process of adding a box at a time, a sequence 
of integer partitions, (A = 0, A 1 , A 2 , . . . , A n ) emerges where A 1-1 C A*, and 
| A* | = |A l_1 | + 1. In addition to adding a box, we include "deleting a box" 
and "doing nothing" for the following four types in Definition [TJ 

Definition 1. We define four types of sequences of tableaux, T = (A = 
0, A 1 , A 2 , . . . , A n ), where A = A n = such that X 1 is obtained from A 4-1 for 
each i G [n] by one of the three actions: adding a box, deleting a box, or 
doing nothing. 

1. A semi-oscillating tableau is any such sequence T. 

2. An oscillating tableau has distinct neighbouring A 4 's. 

3. A vacillating tableau is any such sequence T which has A 1-1 C X 1 when 
i is even, and A 1-1 D A* when i is odd. 

4. A hesitating tableau is any such sequence T which has A 4 ^ 1 C A* when 
i is odd, and A 4 ^ 1 D A* when i is even. 



In the uncoloured case, Marberg [10J links the sequence T to an n-step 



walk on the Hasse diagram of the Young lattice, Y where "doing nothing" is 
also counted as a step. For his enumeration purposes, Marberg's definitions 
differ slightly from |H to achieve that these n-step walks are closed walks from 
0. Though we will not walk on an ordered pair of r-tuple Hasse diagrams, 
we will keep the requirement that each sequence T begins and ends with 0. 



3. Proof of Main Theorem 

To warm-up for the proof of Theorem [TJ we give examples of how three 
of the four types of T"s from Definition [TJ are used to encode different com- 
binatorial objects. Two local rules for changing set partitions to involutions 
are needed for the last two tableaux in Section 13.11 

Opener Closer Transitory Fixed point 
RuleV ^^.S' "^H^. ~V^^*^ .h+.. 
Rule H 4" i — y ^ ~*» "V" H> ^ •!->•«-» 

3.1. Examples of three encodings 

Example 1. A semi- oscillating tableau sequence encoding an involution. 
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1 2 3 4 5 6 7 
A A 1 A 2 A 3 A 4 A 5 A 6 A 7 







6|7| 


5 


"I 








_6 





6T71 \Y] 



Example 2. A vacillating tableau sequence encoding a set partition. 



Rule V • 

A A 1 




[i] m a 



rei rei 



A 11 



\12 



Example 3. A hesitating tableau sequence encoding an enhanced set parti- 
tion. 



1 2 

Rule H f • ^ • 

A A 1 A 2 A 3 A 4 

ii gn 




3 
*^ 

A 5 



A 6 



A 7 



A 8 



A 9 





4 


5 





4 5 6 5 6 5 6 



A 10 A 11 A 12 

m m 



Remark: All three T's are constructed from vertex 1 to the right using closer 
labels as fillings of SYT whereas in jij, they are constructed from the right 
with opener labels as fillings of SYT. In example [H an opener corresponds 
to a new box in T, and its matching closer is the filling of the box. The 
RSK algorithm is applied when a new box (an opener) with its new filling 
(its matching closer) is added to the previous tableau. The tableau loses 
a box of a certain filling when a matching closer is encountered in the arc 
diagram. The remaining labels rearrange themselves to remain an SYT whose 
shape is included in the previous tableau. Apply the encoding similarly for 
examples [2] and [31 When a node • is present in Rule V or Rule H, that is, 
"doing nothing" , no change occurs to the tableau. 
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3.2. Proof of Theorem^ 

Proof. We show an involution between the set of r-coloured permutations 
of [n] with maximal crossing number j, nesting number k and those with 
maximal crossing number k and nesting number j. 

Given an r-coloured permutation of [n], say S = (S, <ft), first consider its 
corresponding uncoloured permutation S. Let O be O(S), the set of openers 
and C be C(S), the set of closers. Applying the involution of [2| results 
in another permutation with the same O and C while switching maximal 
crossing and nesting numbers. 

Now for each colour class, the resulting arc diagram is no longer a per- 
mutation, but two set partitions: enhanced for the upper arc diagram, and 
non-enhanced for the lower arc diagram. We employ the same encoding 
techniques from 

Step 1 Translate the upper arc diagram into a hesitating tableau sequence, 
and the lower arc diagram into a vacillating tableau sequence. 

Step 2 Perform a component-wise transpose to each sequence. 

Step 3 Apply reverse RSK to fill each tableau in the sequence from the right 
to the left. 

Step 4 Translate the newly filled sequence of tableaux back to arc diagrams 
according to its own rule. 

Thus, we obtain the resulting arc diagram with its upper and lower arc com- 
ponents where maximal crossing and nesting numbers are switched because 
the bijections of 0, Q, 0] interchange maximal column length with maximal 
row length while preserving sets of maximal and minimal block elements. 
This interchange achieved through taking the conjugate (transpose) of each 
tableau translates to the switching of maximal nesting and crossing numbers 
while preserving the sets of openers and closers. The preservation of these 
sets when restricted to one colour of arcs permits the involution to be applied 
separately to all arcs of the same colour, one colour at a time, without inter- 
fering with the sets of openers and closers from other colour classes. Finally, 
the combination of all r involutions, one for each colour, produces the de- 
sired r-coloured permutation such that for each colour, crossing number and 
nesting number are switched. If the original r-coloured S is j-noncrossing 
and /c-nonnesting, then its image after the r-fold involution is j-nonnesting 
and /c-noncrossing. 
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3.3. An example of a 2-coloured permutation 

We show a 2-coloured permutation where we apply the involution of the 
proof of Theorem [T] to find its image. 

Example 4. A permutation encoded by a hesitating tableau sequence, X\ for 
colour 1, A2 for colour 2 in the upper arcs and a vacillating tableau sequence, 
jj,2 for colour 2 in the lower arcs. 



A? 




A? 


A'i 


At 


K 


A? 


AI 


A? 


A? 


Al° 


Ai 1 


Ai 2 





a 


a 


a 


a 


3 
1 


a 


a 

















Rule H x 


*^ 


• 


• 


• 


*^ 




• 




• 


• 


• 


• 


XI 


A 2 


Ai 


Al 1 


x\ 


A2 


a 2 


A2 


A| 


A2 


A 2 ° 


Xf 


A 2 2 











a 


a 


a 


a 


5|6| 


1 5 1 6 


1 1516 


a 


a 





Rule H 2 


• 


• 




• 


• 


• 

2 




• 


• 




• 








1 














2 










1 




i~ 




• 


2 








6 
































Rule V 2 


• 






2 

* 


• • 


• 






• 





^2 /^2 /^2 /^2 A*2 A*2 /^2 ^2 ^2 ^2 ^2 ^2 ^2 



a a 


5 




5 




5 




5 




5 




6 




6 




6 




6 




6 



a a 



The result of transposing every tableau in each sequence Ai, A 2 , and [i 2 , and 
filling the tableau from the right is the following 2-coloured permutation in 
Figure [51 




Figure 5: The image of Example |4] under the involution in the proof of Theorem [T] 
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4. Enumeration of r-coloured permutations 

Before we enumerate r-coloured permutations, a quick overview of Mar- 
berg's approach for the enumeration of coloured set partitions helps set the 
stage for a new interpretation. 

4-1. Another interpretation of Gj,k,r f or se t partitions 

Marberg viewed r sequences of vacillating tableaux, one for each colour, 
as r x [k — 1) matrices A = [Aij\ encoding A^ in a vacillating tableau sequence 
T for colour i. If the set partition is j-noncrossing and fc-nonnesting, then 
this tableau has a maximum of j — 1 columns and k — 1 rows. For colour i, the 
zth row of matrix A just lists parts of A', thus at most k — 1 non-zero parts. 
The multigraph Gj,k,r is drawn using all such allowable A's as vertices, and 
edges and loops connecting vertices corresponding to adding a box, deleting 
a box, or doing nothing in the construction of vacillating tableaux so that 
the resulting sequence contains only tableaux of at most j — 1 columns and 
k — 1 rows. Once completed, the multigraph Gj,k,r gives rise to an adjacency 
matrix. To find the number NCNj^n, r) which is also the number of n — 1- 
step walks on Gj,k,r from the zero matrix to itself, the method of transfer 
matrix gives a quotient of two polynomials (determinants actually), thus 
concluding that the ordinary generating function ^ n>0 NCN J -&(7i+ 1, r)x n is 
rational. 

4-2. Examples of £2,2,1 an d £2,2,2 for set partitions 

To illustrate the construction of Gj,k,r, we first reconstruct Marberg's £2,2,1 
and £2,2,2 by naming each vertex and edge as it becomes necessary. 

The arc annotated diagram of a set partition on [n] has n — 1 consecutive 
gaps, i. e. between each pair of adjacent points. Let the set of non-crossing, 
non-nesting, uncoloured set partitions on [n] be denoted by V2,2,i(n). For 
each P G ^2,2,1 (n), a snap shot of each gap belongs to one of the first four 
types in Table [TJ where the matching steps in £2,2,1 are also given. Since 
r — 1, only two vertices exist in £2,2,1: v , the initial state for no pending 
opener, and v\, for one pending opener. No other vertices accounting for 
other states are present because any state Vi where % > 2 would mean two 
or more pending openers which will form at least a 2-nesting or 2-crossing 

when closed. Incident at vq are three types of edges: two loops, | for no 

arc in the consecutive gap, and ^ for a distance 1-arc both of which do 
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not change the number of openers present as the set partition is scanned 
from the left to the right; the last type is a directed edge from v to V\ to 
indicate that an opener is present in the consecutive gap. Once at v\, only 

X 1 

the loop, I , is allowed because a 1-arc I will create a 2-nesting in P with 
the existing opener. A directed edge from v\ to vq means that an opener is 
closed. To simplify drawing, an edge without arrows is bidirectional. The 
result is shown in Figure [6j 

The adjacency matrix of Figure [6] is 



2,1 
1,1 



which gives 



^NCN 2j2 (n + l,l)x r 



1 — x 



n>0 



1 — 3x + X 2 



and expands to 

1 + 2x + 5x 2 + 13x 3 + 34x 4 + 89x 5 + 233x 6 + 610x 7 + 1597z 8 + 
4181x 9 + 10946x 10 + 28657x n + 75025x 12 + 196418x 13 + 
514229x 14 + 1346269x 15 + 3524578x 16 + 9227465x 17 + 



24157817x 18 + 63245986x 19 + 0(x 



20 \ 



As noted by Marberg [10(, these are every second Fibonacci numbers. 

To construct £2,2,2, we require four vertices: still vq as the initial state for 
no pending opener, but also two states indicating one r-coloured (r e [2]) 
opener pending, and V\ 2 . Since two arcs of different colours do not create 
a crossing or nesting, one more state is needed, v 2l2 , for two openers, one of 
each colour. As in £2,2,1, the loops and edges are placed according to what is 
allowed in P, but a new edge between v\ x and v\ 2 is added in the last row of 
Table [1] for the closing of one colour on point m while an opener is present 
at point m — 1 in P. The result is shown in Figure [7] with its associated 
adjacency matrix 



1,0 

1,1 
2,1 

1,1 



and generating function 

^NCN 2 , 2 (^+l,2)x n 

n>0 



1 — 4x + X 2 
1 — 7x + llrr 2 — x 3 
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Figure 6: An uncoloured set partition l 
graph, C?2,2,i- 

Figure 7: A 2-coloured set partition 
graph, 02,2,2- 



which expands to 

1 + 3a; + llx 2 + 45x 3 + 197x 4 + 895x 5 + 4143z 6 + 19353x 7 + 
90793x 8 + 426811x 9 + 2008307x 10 + 9454021X 11 + 44513581x 12 + 
209609143x 13 +987068631x 14 +4648293425a; 15 +21889908177x 16 + 
103085198195x 17 +485455690843x 18 + 2286142563933x 19 + O(x 20 ) 

In general, we obtain Gj,k,r directly through labelling the edges and ver- 
tices of Gj,k,r similar to generating such set partitions through the method of 
generating trees except that each vertex Vi (considered as a state) in Gj,k,r 
indicates that i openers are pending to close. When drawn from the left to 
the right where all vertices of the same first subscript line up vertically, we 
get edges either between Vi and Vi + \ for each i > for openers or closers as 
in Figure El or between vertices of the same first subscript for the presence 
of both (drawn as vertical edges, not shown in Figure E|). Care needs to be 
taken when many arcs of the same colour are open because the order in which 
they are closed relates to how crossing and nesting are made. 

4-3. Multigraphs, £2,2,1 and G%,2,2 for permutations 

Instead of translating consecutive gaps from set partitions into steps in 
the multigraph G, we examine each vertex in the arc diagram of a coloured 
permutation and assign each type of vertex to a step in G ■ As for set parti- 
tions, we first construct the multigraph £2,2,1 for non-crossing, non-nesting, 
uncoloured permutations. Let us denote the set of all such permutations on 

[n] by £2,2,1 (ft-) • K S E <S2,2,i (h), then a vertex is either a fixed point ( A ) , 
an opener ( *C ), a closer ( J* ), or a lower transitory ( ). We can't have 
an upper transitory which contributes to a 2- (enhanced) crossing. 
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Figure 8: The line-up for states of the same number of openers 



1 




Figure 9: An uncoloured permutation graph, £/2,2,i- 

In Figure H2 vq still indicates the initial state, and also when no opener is 
pending; v% indicates an opener pending. The loop labelled 1 is the step taken 
when a fixed point coloured 1 is encountered in the permutation scanned 
from the left. The loop labelled l t is the presence of a lower transitory with 
coloured 1 arcs on both sides; this is possible only when an opener coloured 
1 is present, thus at v\. Note that a lower transitory does not alter the state. 
The directed edge (vo,vi) indicates the presence of an opener, and the edge 
traversed in reverse indicates that of a closer. An edge drawn without arrows 
still means a bidirectional edge. 

The construction of £2,2,2 involves more types of vertices and edges which 
we summarize in Table [2j Each state with one opener has the colours of 
the openers as subscripts. When a state has two openers, the important 
part is the colour of the last lower opener which dictates the colour of the 
lower transitories allowed at that state; otherwise, the order of the colours 
is immaterial. The method of transfer matrix gives the following generating 
function. 

n>0 

which generates 

1 + 2x + 8x 2 + 40x 3 + 224x 4 + 1296a: 5 + 7568x 6 + 44304x 7 + 
259536x 8 + 1520656x 9 + 8910160x 10 + 52209040a; 11 + 
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Domain Set partition 



c r 

m — 1 m 



Types of arcs 



Types of steps in 
£2,2,1 and £2,2,2 



m > 2 



no arc 



m>2 



m>2 



m > 3 



m > 3 



m — 1 m 



m — 1 m 



m — 1 m 

1 2 
m — 1 m 



a 1-arc coloured r I , r £ [2] 



an opener 



a closer 



a closer and an opener 



• 



12 



Table 1: Five situations between point m — 1 and point m for set partitions and the 
matching steps in Q. 



305919696x 12 + 1792542992a; 13 + 10503446608a: 14 + 
61545189520a; 15 + 360625475024a: 16 + 2113093401616x 17 + 
12381720203088a: 18 + 72550979111824a; 19 + 0(x 20 ). 

The first group of non-trivial noncrossing and nonnesting, 2-coloured per- 
mutations is on [4]. For each of the 24 permutations on [4], 8 can be 
coloured in 4 ways each; 8, in 8 ways each; and 8, in 16 ways each; thus, 
8 x (4 + 8 + 16) = 224. This is a new sequence, A219587 in 

Remark: Note unidirectional edges are now present due to specifications 
of some states (vertices) in Q. 

4-4- Proof of Rationality through Multigraphs for r -coloured permutations 

In general, drawing Gj,k,r f° r coloured permutations is a tedious task. As 
the j, k, and r increase, types of edges and vertices increase. Not only does 
one need to track the order in which coloured arcs are closed, one also needs 
to create unidirectional edges which go to the right states. Regardless of 
the complexity of the multigraph, Gj,k,r, only a finite number of vertices and 
edges are present because both crossing and nesting numbers are bounded 
for the set of r-coloured permutations. Furthermore, the number of such per- 
mutations on [n] is the number of n-step paths from v to v in Qj^,r because 



14 



1 2 t 

Figure 10: A 2-coloured permutation multigraph, £2,2,2 
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Domain Permutation Types of arcs Types of steps in ^2,2,2 
Vertex 



all vertices 

all except the last 

all except the first 
no first, no last 

no first, no last 

no first, no last 



r 

< 

r 

> 



r s 



a fixed point 

an opener 

a closer 
a lower transitory 

an upper transitory 

a lower transitory 



4' , i € [2] 



• <-• 



r, s G [2] 



, r, s G [2] 
i n , r G [2] 



Vi. 



r, s G [2] 



, r,s G [2] 



Table 2: Vertices in permutations and the matching steps in £2, 2, 2- 



all openers must be closed. Using the method of transfer matrix then yields a 
rational function for the ordinary generating function, Yl n >o NCN^fn, r)x n . 

5. Concluding Remarks 

Chen and Guo |3( constructed oscillating r-rim hook tableaux for r- 
coloured complete matchings to establish symmetric joint distribution. This 
is equivalent to counting the number of walks on the Hasse diagram of the 
r-rim hook lattice. Marberg 10J noted isomorphism between his walks on the 
Hasse diagram of the r-fold product of the Young lattice of integer partitions 
(produced from oscillating r-partite tableau) and those of Chen and Guo 
[3j. Arc-coloured permutations have two types of r-partite tableau simulta- 
neously accounting for both the upper and the lower arc diagrams. Does this 
correspond to a double r-rim hook lattice? 

When both nesting and crossing numbers are bounded, a finite multigraph 
can be constructed. This method of transfer matrix may be extended to the 
enumeration of set partitions of classical types as in the works of Rubey and 
Stump ll|], even their coloured counterparts. The challenge lies in finding 
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the generating function when only one of the bounds is present. For instance, 



Marberg [10] showed that the ordinary generating function for noncrossing 
2-coloured set partitions is D-finite, but conjectured non-D-finite series for 
noncrossing r-coloured set partitions when r > 3. 
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